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Abst rac t - -We show that when the external force appearing in the right-hand side of the 3D 
Navier-Stokes equations only dissipates energy, then the standard result of global existence of a 
strong solution for small initial data can be slightly improved. (~) 2000 Elsevier Science Ltd. All 
rights reserved. 
1. INTRODUCTION 
The purpose of this short note is to show some very basic regularity results that hold for the 
three-dimensional nonhomogeneous Navier-Stokes equations for some peculiar body forces. To 
the best of our knowledge, these simple results do not appear in the literature. 
To fix the ideas, let us consider for the time-being the one-fluid homogeneous incompressible 
Navier-Stokes equations in a 3D bounded domain f~, namely 
0 tu+ u .  Vu-  Au = -Vp+ f, (1) 
where the velocity field u is divergence-free and is assumed to satisfy the no-slip boundary 
condition u = 0 on the boundary F of the domain, and where the body force f is supposed to be 
given. Equation (1) is associated to an initial condition u0 given, that is assumed to be "regular 
enough". 
As far as the regularity of the flow in three dimensions is concerned, it has been well known 
for years that if the initial data u0 and the body force f are both small enough (in some appro- 
priate norm), then the flow u solution to (1) does remain regular for all time (see for instance, 
[1,2]). Actually, much emphasis has been placed on the regularity of the flow for a given initial 
condition u0, and also conversely on the regularity/smallness of u0 that ensures that the flow 
remains regular (see, among the rich literature devoted to such issues, [3-6]). Less attention 
seems to have been paid to the following standpoint: what quality of the force field might suffice 
to obtain a globally regular flow. Applications where body forces play a role are not numerous 
but they do exist (see [7] and the references therein), and therefore, it is not useless to treat 
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such a question. The phenomenon we wish to shed light on is the following. There are some 
particular forces f that need not be small for which equations of type (1) have a global strong 
solution provided the initial data is small enough. Globally speaking, these forces are (at least) 
those for which the first a priori energy estimate (classically obtained by multiplying (1) by u and 
integrating over the domain) is the same (or almost the same) as if f = 0. The case of a force f 
that is rotational free is, of course, well known (it suffices to add it to the pressure field), but our 
analysis goes beyond this standard observation since we are concerned in this note with the case 
of a nonhomogeneous fluid (see equation (2)). Such an analysis could seem surprising at first 
sight, since the strong regularity of the solution to (1) basically depends on the second a priori 
energy estimate (obtained in a standard fashion by multiplying (1) by 0tu, or alternatively, by 
-Au ,  and integrating over the domain) and not on the first one. But it turns out that a better 
behaviour of the first energy estimate allows one to bootstrap a precious piece of information 
one can next advantageously take benefit from in the analysis of the second estimate. We shall, 
of course, detail this issue in the sequel, but let us only mention in this introduction that the 
type of argument we shall make use of is the following. As is well known, the standard way to 
show the regularity of the flow is obtained through the a priori estimates, and the proof of the 
regularity is, therefore, intimately related to the study of the a priori bounds for the solutions 
to some ordinary differential equations on [0, +oc). The observation we make on the regularity 
of the flow roughly has the following counterpart in the language of ODEs: a solution y of an 
ODE of the type ~ < y + y3 that is already known to belong to L 1(0, +co) and whose initial 
condition Ylt=o is small enough is automatically L°°(0, +c~). Such a bound is not necessarily 
true otherwise: consider y = Aet with A arbitrarily small. In the above argument, he function y 
stands for Ilull~l at time t. 
In the sequel, we present an example we believe to be interesting where our simple observation 
allows us to slightly improve the regularity results for small data that are well known for the 
nonhomogeneous case. We deal with the two-fluids Navier-Stokes equations. The purpose of this 
example is only to show the applicability of our observation. Extensions to other possible cases 
of interest are left to the reader (see the final remark). 
2. ON THE TWO-FLUIDS NAVIER-STOKES EQUATIONS 
We deal with the Navier-Stokes equations for two incompressible immiscible fluids that share 
the same viscosity and that are only subjected to gravity forces 
0t(pu) + div (pu ® u) - ~Au = -Vp  - pgez, 
Otp + div (pu) = 0, (2) 
div u = 0. 
We complement equations (2) with the no-slip boundary condition on the boundary, and the 
initial conditions 
I pl, on f21, 
u(. , t  = 0) = u0(.), p(.,t = 0) = P0 = (3) 
P2, on ~2, 
where (f~x, f~2) is a partition of f2, which is supposed to be a parallelepipedon (but this is only 
a technical matter). The constants Pl, P2 are two fixed positive values for the density. Under 
the only assumption u0 E L2(~), it is known (see [6]) that equations (2),(3) have a global weak 
solution and that meas {x E f~, p(x, t) = Pi} i = 1, 2 is constant in time (in other words, p(x, t) 
is equal to Pl or P2, Vt). The main question of interest is to find conditions that ensure there 
exists a global strong solution. Replacing the pressure p by 7r = p + plgz in the Navier-Stokes 
equation (2) leads to the equation 
a,(pu) + div (pu ® u) - ~Au = -W - (p - p~)ge~. (4) 
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On this latter form, it is a straightforward modification of a standard argument of the one-fluid 
case to show that the flow remains regular if the two following conditions are fulfilled: Uo is small 
enough in Hl(fl) and the difference of densities IPl - P21 is small enough in L~(~) .  Indeed, the 
latter condition yields a force term which is small in L°°((0, oo) x f~), and it suffices to adapt the 
argument of Fhjita and Kato [1] (see below, Remark 2). We are going to improve this result in 
the following fashion. Let us define first, the density field P~ox,p2) built with Pl and P2 by filling 
the bottom of ~ with the heaviest fluid, of density M = max(pl,p2), and filling the top of 
with the lightest fluid, of density m = min(pl, P2) (note that P~o,,o2) should not be mistaken with 
the initial density field Po for this is not necessarily the same field). A straightforward argument 
shows that 
/a  p~pl ,p2)gz dx 
=inf  {/npgzdx ,  p E L°°(f~),({x;p(x) = pl}, {z;p(x) = p2}) is a partition of~}.  
Therefore, fn p~pl,p2)gzdx can be used as the origin of the potential energy for any given state. 
We shall prove the following. 
THEOREM 1. There exists a constant ~ > O, depending only on the domain f~ and on the common 
viscosity shared by the two fluids 77, but not on their densities (Pl, P2), such that the following 
holds: let us denote by 
cp = Cma~ (IlPolIL~, I lPoll~), (5) 
(where C is a constant depending only on ~ and ~?) and 
/o /o ... :o> E0 = [[v~uoHL.(n) + pogzdx-  p(p,,p,)gz 
Then, if the initial data satisfy 
i/2 IlVu01lL. + 2l lp0l[L~(n)~ + 8C.Eo < 6, (7) 
then there exists a (unique) global strong solution u E L°°(0, +co; ]HI~(f~)) n L~o c(0, +oo; [-]I2(f~)) 
to (2) with initial data (3). | 
REMARK 1. 
(i) Apart from condition (7) which might not be optimal (there is room for improvement in
our arguments below), the key point is that even if the difference of density [PI -- P2[ is 
very large, we still may find some initial conditions uch that the flow remains regular for 
all time. 
(ii) The existence of a global strong solution in this setting when the two fluids share the 
same viscosity is known in two dimensions ince the work of Antontsev et al. [8]. In three 
dimensions, only the global existence of a weak solution is known (see for instance [6]). 
(iii) A straighforward corollary yields the same regularity if some volumic force f whose pro- 
jection on the divergence-free fi lds is small enough (say, e.g., in L °°) is added to the 
right-hand side of (2). An extension of our result also holds in the case of more than two 
fluids. 
SKETCH OF PROOF OF THEOREM 1. For the sake of simplicity, we set the viscosity ~ to one. 
We multiply the first equation of (2) by u and integrate over f~ and then on t to obtain the quite 
standard estimate 
.u. +/o te[0,+oo) (8) 
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Therefore, we obtain u • LC°(0, +oo; ]L2(~)) cI L2(0, -4-oo; H01(~)), with a norm in this space that 
is all the more small as the initial energy E0 defined by (6) is chosen small. 
We next turn to the second estimate, obtained this time by multiplying the first equation of (2) 
by Otu and integrating over ~, 
~ p[O~u[2 dx + l d [[vu[[~2 = - gf pgez . Otu + pu . Vu  . c3tu. 
The first term on the right-hand side is treated as follows: 
pgez • Otu dx - dt 2 pgz dx + pgu. V(u- ez) dx 
<_ -~-~ /~ pgzdx + CIIPlIL~(~)IIulIL(.), 
(9) 
(I0) 
(11) 
for a constant C depending only on the domain. Thus, we obtain 
1 2 +d [~[[Vu[IL= d pgzdx] 
<_ CIIRIIL~ Ilutl~, Ilulb= + CIIPlIL= Ilull~,. 
(12) 
We now wish to estimate the H2(~) norm of u on the right-hand side, and for this purpose, we 
make use of standard regularity results on the Stokes equation -Au+Vp = -pOtu-pu .Vu-pgez ,  
which yields, up to irrelevant constants, 
1/2 Hull~= < IIPlIL=(~)IIv~O~UlIL=(~)+ [[pH~(n)l[ul[~l(n) +liP]ILk(n). (13) 
Inserting this last estimate into (12), we get 
d d dx] + + 
_< c (llpll~,= Ilull~, + Ilpll~.~ Ilull~, + Ilpll~= Ilull~, + IIplIL= Ilull~,) • 
We finally interpolate by the Young inequalities the powers appearing in the right-hand side 
and we use the Poincar~ inequality to obtain the estimate 
II~/~O, ull~.=+ E/ ~ pgz <_c,, (llVull~,=+ IlVull~.=), (14) 
where the constant Cp depends on p, for instance, in the following way (we skip the dependence 
on the domain f/which is irrelevant here) Cp --- Cmax([IP[[L~(n), [[PI[Lo~(~)) . 3  
We now denote 1/2[]Vu[[22(fl) by y and we set h = fa(p-p~pl,p2))gz dx. Estimate (14) implies 
( ) )2) d dh dh < 8C, y 1 + y -4- -~ + ~-~ L~ (0,T  
d-t y -4- -~ + ~-/ n~¢(0,+oo) 
(15) 
f~ Vu0tu dx 1/2 3/2 1/2 pu. -< CIIPlIL= m)IlullH,(n)]IuIIH~<~)II v~0tuilL~<~), 
while the second one is estimated as usual in this context of a three-dimensional flow, namely 
(see [2, Lemma 3.8] for instance) 
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using the obvious observat ion  -~tt-[-JJ dh--d-[ JJL~¢(O,+ oo) -- > O. Integrating (15) between t = 0 and time t, 
we obtain 
(y )) (y + dh )+8Cpj~o y. (16) dh dh _< Arctan Jt=o dh t Arctan +-~+ -~ L°¢(0,+~ +-~-Jt=0 d-t L~¢(0,+~) 
On the one hand, we have 
dh f 1/2 
-~ t=o = jn pgez . uJt=o dx <_ CIIPotlL~(~) IIv~uolIL=(~) , (17) 
and, in view of (6) and (8), 
dh L ~ <-- JJpHL1/2(~)jjv~ujjL=(~) ~ ijpOjj/~(m~.l/2 
(0,+oo) 
(18) 
On the other hand, again because of (8), 
/0' /o y ~ y _< E0. (19) 
If we now collect estimates (17)-(19), we may claim that the right-hand side of (16) is bounded 
from above as follows: 
( ) /o' dh + 8Cp y Arctan YJt=O + dh + ~-  L~(O,+~) 
1 1/2 < -IIVu011~ + 211p011L~(~)~ + sc.  E0. 
-2  
(20) 
If this latter quantity is assumed to be small enough (which is the case if assumption (7) is fulfilled 
for 5 small enough), we obtain, coming back to (16), that y is uniformly bounded from above on 
[0, +oo). Inserting this information into (14), we easily obtain that 0tu E L2(0, +oc; L2(12))., and 
thus by the elliptic regularity (13), that u E L~o  (0, +co; H2(~)). 
REMARK 2. 
(i) A usual argument (like in [1,9]) allows one to conclude that if IlfJJL~(a) (thus JPl -" P2J) 
and Ylt=o are both small enough, the desired uniform bound on y is obtained. 
(ii) As examples of other situations when the strategy described above may help to obtain a 
better regularity than that commonly known, we would like to mention the two following 
MHD systems. The body force under consideration is then a Lorentz force curl B × B = 
(E+uxB)  ×B.  
The first system is obtained when the electric field E is neglected in Ohm's Law 
0tu+u'Vu-Au=-Vp+(uxB)  xB ,  
div u = 0, 
0tB + curlcurlB = curl(u x B), 
div B = 0. 
(21.1) 
(21.2) 
(21.3) 
(21.4) 
The initial data is assumed to be small for u but can be arbitrarily large for B. 
The second system is the complete MHD system (studied for instance in [10]), i.e., with the 
"true" Lorentz force curl B x B, complemented with initial data where u and B are close to each 
other, but not necessarily small. 
Unfortunately, we do not know if either situation has a physical meaning. 
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